We define and discuss measures of coherence for matter waves. These characterize the interference pattern arising from the overlap of one point of a matter wave with another. We identify two coherence quantities, one related to the distance between the interfering parts of a matter wave, and one describing the influence of the position within the wave. We show that our coherence properties are suitable for describing both single particles such as cold trapped ions, and many-particle systems such as Bose-Einstein condensates and Fermi gases.
Introduction
The last ten years have seen a dramatic increase in our ability to manipulate atoms and ions. It is now sensible to examine applications of matter waves. Coherence will play an important role in quantifying the performance of atom and ion devices. In order to achieve a coherent behaviour of matter waves their thermal disorder has to be suppressed. Recently, coherent phenomena have been demonstrated on single trapped ions cooled to their motional ground state [1] , on thermal atomic beams [2] , with large molecules [3] and, on a macroscopic scale, by creating Bose condensed atomic gases [4] [5] [6] . All of these particle sources promise a range of new applications, including high-precision metrology, atom lithography and quantum logic [7] . The performance of a particle source in such applications will depend strongly on its coherence properties. Here we suggest two different measures of coherence for matter waves that are derived from the analogous optical measures (see, e.g., [8, 9] ).
The obvious way to test the coherence of a physical system between two positions r 1 and r 2 is by means of an interference measurement. The visibility of the interference fringes is determined by the coherence function. We start by introducing the coherence function for a single particle and define two different averages that characterize the system. These are the coherence length and the coherence spread. We define the coherence length as a function of the distance between the two interfering parts of the wavefunction averaged over the different positions of the entire wavepacket [8] . The coherence spread is a function of the mean position averaged over different distances. We determine properties of the coherence length and spread for various quantum states. We then extend the formalism to manyparticle systems using second quantization and examine the influence of Bose and Fermi statistics.
Temporal coherence in optics
In determining measures of coherence for matter, we are examining the wave nature of matter. It therefore seems natural to first recall the coherence properties of light and then transfer these, where applicable, to matter waves.
Temporal coherence describes the correlation of light vibrations in an optical stationary field between one time instant and another. The modulus of the degree of first-order coherence g (1) (τ ) = E * ( x, t)E( x, t + τ )
measures these correlations over a temporal interval τ [9] . The degree of first-order coherence takes values between 1 (for coherent light) and 0 (for incoherent light), and its envelope decreases with increasing time intervals. The coherence time gives a mean interval over which the electric field is significantly correlated. It is defined as the normalized root-mean square width of the squared modulus of g (1) (τ ),
The coherence time is connected with the finite bandwidth of the source, i.e. the effective spectral width,
where ν 0 denotes the centre frequency. The spectral density function S(ν) represents the counterpart of the coherence function in Fourier space. Their product is restricted by the uncertainty relation ( τ ) 2 · (2π ν) 2 1 4 . Due to the constant speed of light, the coherence time is directly related to the longitudinal coherence length. The coherence length defines the distance over which the wavepacket is still reasonably coherent, and will show interference if parts separated by the coherence length are overlapped. The coherence generally varies with the distance between two parts of the wavepacket. Additionally the coherence may depend on the position within the profile of the light beam from where the interfering parts are taken.
We note that here we have assumed a stationary optical field. In this case the coherence properties of the light depend only on the time delay τ between two measurements of the electric field but not on the absolute time t. A more complete definition has to consider the first-order coherence function g (1) (t, τ ).
Coherence measures for a single particle

Interferometric measurements
While information about a light field is encoded in the first-order coherence function, an atomic quantum state is characterized by its density matrix, or alternatively by quasi-probability distributions such as the characteristic function or the Wigner function. Recent progress in cooling and trapping of ions has led to the generation of various motional quantum states of one or several ions, including thermal, Fock, squeezed, coherent and Schrödinger cat states [1, 10] . At the same time several methods have been proposed to investigate these states, many of them by reconstructing the associated Wigner functions from population measurements on the coherently displaced number state [1, [11] [12] [13] . One, based on analysing the JaynesCummings evolution of the electronic state of the ion, has been realized in an impressive experiment [1] . Here we consider two schemes [12, 13] in which quantum state reconstruction can be interpreted as an interferometric measurement. The information about the quantum state can be recovered from the visibility and position of the interference fringes that appear when the displacement between two parts of the atomic state is altered. Measures analogous to the coherence time in optics will provide a length scale on which interference can be observed. We first present a measurement scheme developed by Bardroff et al [12] to investigate the characteristic function 3 of a single cold trapped ion or alternatively an atom in a cavity. We first assume that the ion is prepared in the electronic ground state |g and a pure motional state | . The calculation can easily be generalized to mixed motional states. The initial wavepacket is exposed to a π/2-pulse, two-photon resonant with the transition from |g to |e and with a phase 1 between the two optical pulses inducing the Raman transition. The interaction with the light separates the wavepacket in phase space by exciting the ion and simultaneously transferring momentum to this part of the wavefunction. The wavepacket is recombined by a second Raman pulse with a phase 2 as shown in figure 1 ,
HereD(α) = exp(αâ † −α * â ) is the familiar Glauber displacement operator. The displacement due to the first and second pulses is α 1,2 = iηe −iωt 1,2 , where t 1,2 are the times when the optical pulses are applied, ω is the trapping frequency and η is the Lamb-Dicke parameter. The probability that the particle leaves the interferometer in the ground state is
with the overall phase
In an experiment, this probability can be determined with a detection efficiency of almost 100% by means of electron shelving [14] .
More generally we can describe the ion initially by the density matrixρ ⊗ |g g|, wherê ρ denotes the pure or mixed motional state. In this case the probability of detecting the ion in the ground state becomes P g = 1 4 Tr
. This can be expressed in terms of the symmetrically ordered characteristic function of the initial motional state χ(α) = Tr(ρD(α)) as
which depends sinusoidally on the externally controlled phase . The modulus of the characteristic function is the visibility of the interference fringes, whereas the argument of χ is given by the position of the fringes. Knowledge of these two quantities over a suitable area of the complex α-plane completely determines the motional state. It is interesting to note a strong analogy with optical interferometry in which these same features are determined by the degree of first-order temporal coherence (see, e.g. [15, 16] ). The characteristic function is the overlap between the motional state and its displaced form, while the degree of first-order coherence is formed from the electric field and its delayed, or temporally displaced form. The coherence time equation (2) describes a characteristic time scale for optical interference. We define the equivalent measure for matter waves as the coherence length L θ [17] by
with
The Fourier counterpart of the coherence time in optics is the frequency spread ν as given in equation (3) . The matter wave analogue is accordingly defined via the Fourier transform of the characteristic function which is the Wigner function
We define the coherence spread M θ in terms of the square of this Wigner function:
where
The valueζ θ is defined so that the coherence spread becomes minimal, dM
We note that the corresponding averageᾱ θ =
vanishes because |χ(α)| 2 is an even function of α. The coherence spread can also be measured interferometrically utilizing a method for quantum state reconstruction developed by Lutterbach et al [13] . Again, we first consider a pure motional state before generalizing the formalism to arbitrary motional states. The pulse sequence is indicated in figure 2 . The wavepacket is displaced as a whole by ζ by applying, for example, a suitable Raman π -pulse. A possible phase difference between the two optical pulses inducing the Raman transition will not affect the final measurement and is therefore set to 0. The displaced wavepacket is then split into its ground and excited part by means of a π/2-Raman transition with a phase difference of 1 between the two optical pulses.
The excited part of the wavepacket is then subjected to a phase shift which may be realized by a two-photon transition,
The operator (−1)â †â effectively reflects the wavefunction about the origin. This can easily be seen if we express the wavefunction as a sum over the number states. The operator (−1)â †â changes the sign of the odd number states, while the even number states remain unchanged. Due to the parity of the number states in position representation, the wavefunction (x) is changed to (−x). The two displaced parts of the wavepacket are finally recombined by a further Raman pulse,
The probability of the particle being in the ground state after passing through the interferometer is then given by
Again, we can generalize this formula for a particle prepared in the electronic ground state and in an arbitrary motional state described by the density matrixρ ⊗ |g g|, so that
Here we have used the identity
) (see, e.g., [18] ). The amplitude of the Wigner function is given by the visibility of the interference fringes. The typical length scale over which the interference fringes of this interferometer decay is then given by the coherence spread M θ as introduced in equation (10) .
We have already pointed out that the characteristic function is the Fourier transform of the Wigner function so that L 
A short derivation is given in appendix A and a more complete discussion can be found in [19] . For pure states, this reduces to the familiar Heisenberg uncertainty relation. The equality is satisfied for Gaussian states including the coherent and thermal states.
Properties of the coherence measures
A single-particle matter wave may be described by its characteristic function, its Wigner function, or perhaps most commonly by its density matrix. These quantities are related by the equations
We use these identities to represent the coherence length (equation (7)) and spread (equation (10)) via traces over the density matrix of the atom, as shown in appendix B,
Here,x
denotes the quadrature operator (see, e.g., [18] ). Before we explicitly calculate the coherence length and spread for different motional states, we give some general limits for these quantities. As Tr(ρx θρxθ ) = Tr(|ρ
. In particular, the coherence length is identically zero, if and only if the motional density operator commutes with the quadrature operator, [ρ,x θ ] = 0. This requiresρ to be an eigenstate ofx θ or a statistical mixture of such eigenstates. Similarly, we find for the coherence spread
. For pure statesρ 2 =ρ and therefore both coherence length and spread become equal to the respective quadrature width of the state,
For a coherent state |α , for example, the coherence length and momentum are identical and their uncertainty product is minimal,
For a single-mode squeezed state |ζ =Ŝ(ζ )|0 (see, e.g., [18] ), the coherence length and momentum depend on the angle θ according to
when ζ = re iφ . For the special cases of θ = 0 and π/2 the coherence length and momentum are proportional to the uncertainty in the position and momentum of the particle, respectively,
The uncertainty product then recovers the form of the familiar position-momentum uncertainty relation,
For mixed states the coherence length and spread generally differ from the quadrature width of the state. The squared density matrix present in the definition of the coherence measures equations (20) and (21) in some sense quantifies the 'mixedness' of the state [20] .
We consider the example of a thermal wavepacket. The probability of finding the particle in the nth motional eigenstate of a harmonic oscillator potential is given by
The squares of the coherence length and spread are then
which results in the uncertainty product
. The uncertainty in position,
coincides with the squared coherence spread M 2 θ . As the temperature (∼n) increases, the width of the state x θ and the coherence spread increase, whereas the coherence length decreases. This is reminiscent of the fact that the coherence time of white light is smaller than for single-mode laser light, but the spectral width is greater for white light.
The coherence length, however, may exceed the width of the state. An example of this is the mixture of the ground and second excited state (1 − p)|0 0| + p|2 2| for which
If p > 1 2 , the coherence length exceeds the width of the state. For smaller values of p, however, the coherence length is less than the width.
Interpretation of the coherence measures
We have introduced the coherence length and spread as characteristic length scales, over which interference patterns are visible. Here we will return to the correspondence with optical coherence and develop a more intuitive representation [22] of the coherence measures equations (20) and (21) .
For a particle in a pure state, the wavefunction ψ(r) is the analogue of the electric field in optics. The visibility of interference fringes arising from the overlap of the wavefunction at the points r 1 and r 2 is then determined by the product ψ * (r 1 )ψ(r 2 ). This can be generalized for a mixture of states ψ n (r) with probabilities ρ n as
whereρ is the density operator and |r is a three-dimensional position eigenstate. By expressing the traces in equations (20) and (21) in terms of the position eigenstates and using their completeness dr |r r| = 1 we find
Here we have chosen the x-axes along the direction of the displacement between the points r 1 and r 2 . In agreement with [8, 21] we identify the first-order coherence function for matter waves as
The coherence function contains all the information about the system. The coherence between two positions r 1 and r 2 can be expressed as a function of the distance between these points and their mean position. The coherence function decays if either the relative or the mean position is increased. The coherence length and spread are the respective length scales of these decays. The coherence length corresponds to the decay of the interference fringes if a part of a wavepacket is displaced by (x 1 − x 2 )/ √ 2. The coherence spread corresponds to the decay of fringe visibility for the observation of interference at different positions within the wavepacket, depending on (x 1 + x 2 )/ √ 2. We see that L 2 and M 2 take the form of variances of (x 1 − x 2 )/ √ 2 and (x 1 + x 2 )/ √ 2, respectively, for a probability distribution |ρ(r 1 , r 2 )| 2 /( dr 1 dr 2 |ρ(r 1 , r 2 )| 2 ). For L 2 the first-order moment, i.e. the mean value of (x 1 − x 2 )/ √ 2, vanishes and the coherence length is translational invariant. The coherence spread M 2 , however, depends on the mean value of (x 1 + x 2 )/ √ 2. The coherence spread, just like the spectral width in optics, is therefore defined relative to the centre of the wavepacket.
Note, that the two quantities L 2 and M 2 are given here in terms of the position eigenstates. The formulae can be generalized for any quadrature x θ corresponding to the operators given in equation (22) . The explicit formulae are given in appendix B. Coherence between two parts of a wavepacket at different positions as given in equations (31) and (32) then corresponds to θ = 0, while coherence between parts with different momenta p 1 and p 2 corresponds to θ = π/2.
Coherence measures for many-particle systems
Here we will extend our formalism for the coherence length and spread to an ensemble of many particles. At high temperatures, the mean occupation number of all single-particle states is small compared with unity. The density matrix of the ensemble can then be written as a product of density matrices for single thermal particles. In this classical regime, the coherence length and spread of a many-particle system are the same as those derived for a single thermal particle as given in equation (27) . For sufficiently low temperatures, however, the mean occupation numbers of the single-particle states cannot be considered as small, but obey the Fermi-Dirac or Bose-Einstein statistics depending on the symmetry of the wavefunction of the gas. In order to develop the coherence properties of a gas in this regime, we require a second-quantized description and therefore introduce the atom annihilation and creation operatorsψ(r) and ψ † (r). The operators satisfy the commutation or anticommutation relations
The density of particles at a position r is associated with the operatorψ † (r)ψ(r) while the interference between a matter wave at position r 1 and position r 2 is related to the product ψ † (r 1 )ψ(r 2 ). In fact, the coherence function can be written as g (1) (r 1 , r 2 ) = ψ † (r 1 )ψ(r 2 ) which is proportional to the single-particle density matrix [21] 
where N is the mean number of trapped atoms [23] . This is analoguous to equation (30) for single particles and we can extend the formulae given in equations (31) and (32) for the coherence length and spread to many-particle systems,
According to these formulae we can determine the coherence length and spread for any ensemble of particles if we know the appropriate coherence function ψ † (r 1 )ψ(r 2 ) . In the following we calculate explicitly L and M for the example of bosons and fermions, as well as distinguishable particles in a harmonic trap. We describe the gas in the grand canonical ensemble in which the mean energy and the mean total particle number are fixed. Here, we do not consider interactions within the gas and restrict ourselves to the simplistic but nevertheless instructive case of a one-dimensional gas. The calculation can, however, be readily generalized for arbitrary dimensions, and explicit formulae for a gas in an isotropic harmonic trap are given in appendix C. The potential energy of a single trapped atom is U(x) = mω 2 x 2 /2, where m is the atomic mass and ω is the angular frequency of the trap.
The mean number of particles occupying any trap state n with energy E n =hωn depends on the nature of the particle. For bosons and fermions Bose-Einstein and Fermi-Dirac statistics are satisfied, respectively, while distinguishable particles obey the Boltzmann statistics. We describe the different particle statistics with the parameter b which is set to 1 for bosons, to −1 for fermions and to 0 for distinguishable particles. In this notation the mean number of particles in state n can be expressed as
where β = (k B T ) −1 , and µ is the chemical potential that also includes the trap zero-point energyhω/2. The mean total number of particles is
This equation determines the chemical potential at any temperature T for a total number of particles N . For distinguishable particles, µ is an explicit function of the particle number,
. For bosons and fermions the chemical potential has to be determined numerically.
In order to calculate the coherence function or the density matrix equation (36) we expand the atom annihilation and creation operators in terms of operators for each trap statê
where the trap state creation and annihilation operatorsâ n andâ † n satisfy the corresponding commutation or anticommutation relations for bosons or fermions, respectively. The expectation value of the occupation operator is â † n â n = N n δ n,n so that the coherence function becomes
Using this formula we can calculate the coherence length and spread according to equations (37) and (38),
At zero temperature the wavefunction for bosons takes the form of a pure state and the coherence length and spread become √h /4mω. The fermionic wavefunction at zero temperature has contributions from all eigenstates up to the Fermi energy. The coherence length of fermions at T = 0 coincides with the coherence length of bosons, whereas the coherence spread of fermions greatly exceeds that of bosons. At high temperatures, the term e
1 so that bosons and fermions behave like distinguishable particles. For distinguishable particles with b = 0 the sum over n can be carried out explicitly and we find
The coherence length and spread then take the same values that we found for a single thermal particle in equation (27) . This was to be expected, as the wavefunction for N distinguishable particles is the product of N single-particle wavefunctions. The coherence length and spread at intermediate temperatures in the vicinity of the Bose transition temperature T C (given in appendix C) were calculated numerically. We find no particular features of the coherence length and spread at the Fermi temperature T F (see appendix C). The coherence length and spread for a total number of a one-dimensional gas of 
10
4 atoms are depicted in figures 3(c) and (d). The same measures for a three-dimensional gas as derived in appendix C are shown in figures 4(c) and (d). For comparison we also include the fractional ground state population for bosons and distinguishable particles and the total ground state population for fermions according to equation (40). We find that in the three-dimensional case the coherence length for bosons increases dramatically as soon as the temperature falls below the transition temperature T C , even when only a small fraction of atoms are in the ground state. This is consistent with the experimental observations of interference fringes at various temperatures reported in [6, 21] . This increase in coherence becomes even more abrupt for larger numbers of atoms. The coherence spread of bosons instead decreases rapidly when the temperature falls below T C . The coherence measures for fermions do not show any rapid transitions at any temperature. The coherence length is always lower, and the coherence spread higher than the corresponding quantities for distinguishable particles. The coherence spread of fermions cannot decrease to √h /4mω at low temperatures because the particle nature of fermions ensures that the wavepacket does not significantly change below the Fermi temperature. In one dimension both the coherence length and spread change more smoothly with temperature. This is consistent with the more gradual change of the bosonic ground state fraction if the temperature falls below T C . So far we have considered the absolute values of the coherence measures. However, the size of the atomic cloud also changes with temperature. We calculate the uncertainty width from the density matrix equation (36) and equation (42),
In the zero-temperature limit the width of the state for bosons and distinguishable particles is given by x 0 = √h /(2mω), while for large temperatures the cloud behaves like a thermal gas
The uncertainty width of 10 4 bosons, fermions and distinguishable particles in a threedimensional gas is shown in figures 3(b) and 4(b) for a one-and three-dimensional gas, respectively. In the same graph the relative coherence length and spread, L/ x and M/ x are depicted. Also the relative coherence length of bosons increases abruptly when the temperature falls below T C , but the coherence length is equal to the width of the state only at zero temperature. The coherence spread drops to a fraction of the size of the cloud at the transition temperature and recovers when zero temperature is reached. It is worth mentioning that the coherence spread of fermions exceeds the size of the cloud for all temperatures.
Conclusions
We have defined two measures of coherence that are suitable for characterizing coherence properties of trapped single particles as well as of Bose or Fermi gases. These measures are the coherence length L and the coherence spread M. Coherence depends on the distance between two parts of the matter wave under investigation as well as on their mean position within the wavepacket, and the coherence length and spread define a characteristic length scale of the respective decays. We have described how our coherence measures determine the visibility of interference fringes in suitable single-particle interferometers. Experiments on Bose condensates of the kind reported in [6] are adequate for measuring the coherence length and spread defined in this paper. Although cold Fermi gases have been created in the laboratory [24] , so far no interference measurements have been performed to the best of our knowledge. We expect that coherence and its characteristic measures will play an important role in quantifying the performance of various applications of matter waves.
It is interesting to consider higher-order coherence for many-particle systems. Such coherences describe correlations between pairs or larger numbers of particles. In quantum optics, intrinsically quantum features of the electromagnetic field have been associated with their coherences (see, e.g., in [15] ). Some of these coherence functions have been defined [21, 25] and measured for quantum gases [26] . The length scales over which higher-order coherences occur can be associated with appropriate coherence lengths. We will discuss the properties of the higher-order coherence lengths elsewhere.
From the definition of α θ in equation (8) 
In going to the second line we have written the Fourier integral over the remaining Wigner function as the characteristic function. We integrate by parts withχ(α)∂χ * (α)/∂α θ −π/2 vanishing at infinity, so that
In combination with equation (A5) we can now write
The coherence spread now has a suitable form to prove the generalized uncertainty relationship by applying Weyl's lemma [16] . The following inequality holds for any two functions f and g of the complex variable α:
We choose the functions to be f (α) . = α θχ * (α) and g(α) . = (∂χ (α)/∂α θ ). Partial integration then leads to
Comparing this with the representations of the coherence length and momentum as given in equations (7) and (A9) we find
Appendix B. Formal equivalence of the integral and operator notation
The identity of the integral equation (7) and the operator version equation (20) of the coherence length can be proven with the help of Weyl's second theorem [27] which states that for any operatorF with | Tr(FD(α))| < ∞,
Applied on the density operatorρ this gives
Using the definition of the Glauber displacement operator we find
. From the definition of α θ in equation (8) andx θ in equation (22) 
We apply Weyl's second theorem equation (B1) to the operator [ρ,x θ ] and insert the identity equation (B3) to obtain
With the help of equations (B2) and (B4) the integral definition of the coherence length is converted into the operator representation,
We now prove the identity of the integral equation (10) 
From the definition of the characteristic function χ(α) it then follows that
With the help of this equation and Weyl's theorem equation (B1) we find
As explained below equation (10) , the coherence spread is the minimum of this function. The operator version becomes minimal at the positionx θ −x θ withx θ . = Tr(ρ 2x θ )/Tr(ρ 2 ) and we can identify the integral with the operator version of the coherence spread,
Alternatively, we may choose to express the coherence length and spread via the generalized coherence function ρ(x θ1 , x θ 2 ) = x θ 1 |ρ|x θ 2 . This is achieved by writing the traces of the operator versions in equations (B5) and (B10) in terms of the quadrature eigenstates. We insert the completeness relation dx θ |x θ x θ | = 1 and find
Appendix C. Calculation of L 2 and M 2 for many-particle systems in any dimension
The eigenstates of an isotropic harmonic trapping potential in D dimensions are characterized by D quantum numbers which we will denote by {n}. The eigenenergy of the state {n} is then E n =hωn, where n is the sum of all quantum numbers of {n}. This state has degeneracy n+D−1 C D−1 . The mean number of particles in state {n} depends on the particle statistics,
, where the chemical potential µ also includes the zero-point energy Dhω/2. The total number of particles is obtained by summing over the D indices n {n}. These D summations can be turned into one by taking the degeneracy of the states into account and we determine the total number of particles in D dimensions as
This equation determines the chemical potential at any temperature T for a total number of particles N . For distinguishable particles, µ is an explicit function of the particle number, µ DP = β −1 [D ln(1 − e −βhω ) + ln(N )]. At temperatures below the critical temperature T C a macroscopic fraction of bosons occupies the condensed ground state n = 0. The transition temperature in one dimension [28] has to be determined numerically, while the transition temperature in higher dimensions is given explicitly, 
Here we evaluated the expectation values of the quadrature operators. The term independent of n x is identical to half the denominator. The remaining terms can be simplified by using the degeneracy of the summation indices {n = n x } and we find 
We note, that for distinguishable particles that obey the Boltzmann statistics (b = 0), the coherence length and spread for N particles are identical to those for a single particle. For b = 0, the sum over n can be carried out explicitly and we find L 2 = tanh(βhω/2) and M 2 = coth(βhω/2). Remarkably, the coherence length and spread for distinguishable particles do not depend on the dimensionality D of the configuration.
